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Abstract. We develop methods for approximating the exponential of the sum of any number 
of noncommutative operators each linear in a parameter cr by a product of exponentials of the 
individual operators to a given order in a. ln particular, we implement a symbolic manipulation 
program which locates products with a minimal number of operators. Such expressions are 
associated with highly efficient field propagation techniques. 
INTRODUCTIOM 
Standard numerical methods for solving parabolic differential equations such as the SchrG 
dinger, Fresnel and Fokker-Planck equations are generally derived from a second-order rep- 
resentation of the exponential of the sum of two noncommuting operators as a symmetric 
product of three kxponentials of the component operators. While higher-order accuracy may 
be obtained by direct application of the Baker-Campbell-Hausdorff (BCH) identites, [l] the 
resulting formulas are difficult to program. To increase the speed of calculations involving 
highly-discontinuous profiles, two of us (B.H. and D.Y.) were accordingly recently motivated 
to introduce a novel series of fourth-order expansions in terms of 7, 9, 11 and 13 operator 
products while the current authors later demonstrated that a sixth-order expansion could be 
obtained in terms of products of 15 or more operators. In this paper we present a procedure 
for finding solutions which contain the minimal number of operators in eighth and tenth 
order. The method, which we conjecture also gives minimal products to arbitrary order, is 
illustrated for concreteness in the eighth order case. 
BACKGROUND 
The fundamental identity associated with most numerical solutions of parabolic partial 
differential equations states that for two noncommuting operators A and B, 
eA+B = e4cBe* + O(A, B,3). (I) 
where O(., ., Ic) is a generic function satisfying the relationship O(aA, d, k) = O(d). We 
specialize for concreteness to the Fresnel approximation for the envelope, E, of a single 
polarization component of a monochromatic electric field, 
g = (D + N(+, y, z))E 
with 
D=-&(&+$) (3) 
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and 
(4) 
The constants kc and no represent the vacuum wavevector and a reference refractive index, 
respectively. If the refractive index profile is longitudinally invariant, i.e. n(z, y, z) = n(z, y), 
E(z + AZ) = eAt(D+N)E(z) = e*DeAZNe*DE(z) + ~((Az)~). (5) 
Second-order computational methods such as the fast Fourier transform, split-operator finite 
difference, split-operator finite element or real-space formalisms are then derived by suitably 
evaluating or approximating the propagation operators eqD. 
Consequently, the accuracy of existing propagation codes can be significantly enhanced 
with minimal reprogramming if we generate expressions with the following structure: 
,A+B _ 4 ebfBearA + O(A, B, K + 1). (6) 
i=l 
Here n:, d(i) z d(m)d(m - 1). . .d(l), K is a fixed positive integer, m is an unknown 
positive integer and a?, by, i = 1,2,. . . , m, are unknown real numbers. Equating the terms 
linear in A and B in the Taylor series expansion of Equation (6) yields 
2, -gb+l, aK  
i=l i=l 
Further, if the product is symmetric for even m about the central operator ebE/aB, 
K K 
am-i+1 = ai 
b~_i = bK 
b: = 0. 
i= 1,2 ,... ,m- 1 
Solutions to Equation (6) yield the higher-order (generalized) propagation methods 
E(z + AZ) = fieAzb~NeAza~DE(z) + O((AZ)~+‘). 
(7) 
(8) 
(9) 
While Equation (9) only applies to longitudinally invariant refractive index profiles (time 
independent quantum mechanical potentials in the context of the Schrodinger equation), we 
observe that the operator eAZayD in this equation effectively advances the beam in the z- 
direction a distance aFAz.[2,3] Therefore, for a longitudinally varying profile, we expect that 
in Equation (9), eAZbfN should be replaced by e 
s:,_, N(=,r,z)dz 
, where z,,, = Cj”=, AzbjK, to 
maintain Kth order accuracy. For this reason it is desirable that the evaluation points not 
extend significantly outside the interval [z, z + AZ]. 
The lowest-order approximation of an exponential of the sum of operators in terms of 
products of exponential8 forms the basis of the well-known Trotter formula [4]: 
Since for fixed n the error in the Trotter product remains first order in AZ, [5,6] a large 
value of n is required to achieve reasonable accuracy. Accordingly, a 3-operator second 
order approximation for eA+B was later implemented by G. Strang [7]. While other higher 
order formulas have been suggested, [8] these are not unitary and, therefore, do not provide 
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adequate stability in the context of parabolic differential equations. More recently DeRaedt 
and other authors [1,9,10] introduced fourth order expressions based on direct evaluation 
of the commutators appearing in the BCH identity, but the resulting terms are difficult to 
evaluate except for lattice models and are especially troublesome for discontinuous refractive 
index media. The first fourth-order accurate procedure based on Equation (6) to appear in 
the literature contained an unnecessarily large number of operators [ll]; this deficiency was 
corrected by us in several articles [2,3,12] and later complemented by the discovery of a simple 
recursion relation for generating the minimal fourth-order solution [13,14]. Unfortunately, 
extending this recursion beyond fourth order again yields procedures with more than the 
minimal number of operators. In this paper, we therefore develop a theory for methods with 
an optimal or near-optimal structure. 
PRELIMINARIES 
The basis of our calculations is the BCH formula, 
log(ePeQ) = 5 D”(P, Q), 
k=l 
(11) 
where the BL (P, Q) are linear combinations of commutators of degree L (the degree of the L- 
fold commutator [Al, [AZ, [As, [. . . , [AL, A~+11 . . .]]]] is ere e ne as the degree, L + 1, of h d fi d 
the commutator viewed as a homogeneous polynomial in the variables di). Up to degree 5, 
these are 
B'(P,Q) =P + & 
B3P=, &I=& P, 911 + IQ, [Q, 41) 
fJ4P, Q> =&, [Q, IQ, 411 
S5P’, Q) = - $+P, P, E P, Q1lll + [Q, [Q> [Q> IQ> f’lIll> 
+ &lQ, V’> P, [J’, Qllll + P, [Q, [Q> [Q,Pllll> 
+ &C P, [Q> IQ, PI111 + [Q, [Q, P, V-T Qllll> 
(12) 
For fixed positive integers N, m and arbitrary real numbers ai, bi, i = 1,2,. . , ,m, repeated 
application of Equation (11) gives 
2 hA+b,B+E C’(A,B)+ O(A,B,N+l) 
ekiBeaiA = e,=l *=a 
i=l 
(13) 
Here the Ck(A,B) are linear combinations of degree k commutators of A and B. The 
coefficients of the individual commutators in Ck(A, B) are fixed polynomials of degree k in 
the real variables ai, bi, i = 1,2, . . . , m. 
We now seek to construct minimal symmetric 8th order solutions of Equation (6) from 
symmetric three operator products of the form 
MULTIPLICATION BY ~-OPERATOR PRODUCT 
As(%) = e+AezBe4A = ez(A+B)+zsCS+z5CS+z7~T + O(A, B, 8). (14) 
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That As(z) is a linear combination solely of odd-degree commutators follows from Equct- 
tion (8) which implies both that C”(A,B) = 0 for even k and further that any symmetric 
seventh order solution of Equation (6) is automatically an eighth order solution [3,13]. 
To construct an eighth order method from the following sequence, hs(zr)hs(z2). . . Am 
. . . As(~ we compute first Nr = As(%n-l)As(m)As(%n-l), then & = A3(&-2) 
NlA3&__2) and so on. We obtain a simple relationship between Hi and Ni+r by writing 
Al = ep with 
P =al(A + B) + a3C3 + a3,& + a3,2C;+ a5C5 + (33,3c; + as,& 
+ a3,4C43 + a3,3,1[C3, Cl1 + a& + &+&‘i,&8) (15) 
c%+l =csj+l 
0 j= 1,2,... 
C?j+’ =[A + B,Ci2j+l] 1+1 i=o,1,2 ,... . 
The exponents U,(z,Ar) = log(AlAs(z)) and U-r(~,Al) = log(As(c)Ar), can then be re- 
expressed as a linear combination of the above commutators but with new coefficients. Addi- 
tionally, if Ae = ep where p is obtained from P by setting all coefficients of even degree com- 
mutators to zero, these coefficients are also absent in log(W(z,Ac)) = log(As(z)AeAs(z)). 
The quantity U~(Z, Al) can be obtained from Equation (11) together with the simplifying 
observation that for k > 2 a commutator of degree k in P and & is of at least degree 
k + 2 in A and B. We, therefore, have computed first the commutators of P and Q in 
Equation (11) up to degree 5 and subsequently generated W(z,Ae) = U-r(z, Ur(z,As)) 
with the aid of the MACSYMA symbolic manipulation language. We next note that eight 
coefficients in Equation (16) must be specified in order to generate an eighth-order solution 
to Equation (6). Therefore, we search for parameters T, s, t, u, v, w, z, y satisfying 
W(r, W(s, w(t, W(u, W(v, Ww, W(z, Am))))))) = A + B + O(A, B, 8). (16) 
Since the polynomial coefficients of the left-hand side of Equation (16) are prohibitively com- 
plex, we employ a Fortran routine to iterate our computer algebra expression for W(r,Ae) 
with given initial values of the defining parameters. The root-searching procedure described 
in [3] is finally applied to locate solutions of Equation (16). While we were able to find over 
400 eighth-order methods in this manner, only the procedure with the lowest value, 10.24, 
for the sum of the absolute value of all the ai and bi is presented in Table 1, where we have 
set al = d1/2, bl = dl, U[ = (dl- 1 + d,)/2, bl = dly 1 = 2 e e a 7, as = 1 - 2(dr + Ci di) 
and ba = 1 - 2 xi di and aa = (d7 + ba)/2. 
Table 1. The defining constants for the optimal 8th order generalized prop% 
g&ion technique. 
4 0.741670364350612953448227801783805 
d2 -0.409100825800031593997300095893565 
ds 0.190754710296238379953876256450371 
d4 -0.573862471116082266656387726635534 
ds 0.299064181303655923844463540688604 
ds 0.334624918245298183784957979882180 
dr 0.315293092396766596632056663811004 
RESULTS 
To illustrate our eighth-order generalized technique, we calculate in quadruple precision 
the width of a A = lpm light beam focused by a one-dimensional graded index microlens 
with a normalized refractive index distribution given by 
n(2,r) = no 
1+- 
(17) 
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for no = 1 and h = 1000pm. The input excitation is E(z, 0) = cra~(400)3 and the split- 
step fast-Fourier transform method [15] is applied on a N, = 512 point grid with transverse 
dimension L, = 400pm. In Figure 1, we display the magnitude of the absolute error after 
a propagation distance of z = lprn as a function of log(l/Az) of the approximate beam 
width defined aa 
10 
Number of Steps 
Figure 1. 
The solid and dashed lines correspond to the standard propagation procedure, Equa- 
tion (5) and the 31 operator method of Table 1, respectively. Fitting the local steplength 
dependence of the error to r~(A.z). (Az)~ we obtain 72 = -1.79(3) x lo-’ for the second- 
order and 78 = 1.06(4) x 10 -20 for the eighth-order technique. Clearly the generalized 
procedure yields a dramatic increase in computational accuracy. 
CONCLUSION 
We have presented new techniques for generating approximations for the exponential 
of a sum of two operators as the symmetric product of a small number of the individual 
exponentials to a given even order of accuracy. While our methodology has obvious practical 
application in the generation of particularly precise propagation techniques for parabolic 
differential equations, it also yields insight into the question of the minimal required number 
of exponentials for any given order. We conjecture here on the basis of our eighth and tenth 
order results that this number should be equal to 2v - 1, for a propagation method of 
order 2k. A complete analysis is, however, still lacking. 
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